Abstract. In an interferometer, path information and interference visibility are incompatible quantities. Complete determination of the path will exclude any possibility of interference, rendering zero visibility. However, it is, under certain conditions, possible to trade the path information for improved (conditioned) visibility. This procedure is called quantum erasure. We have performed such experiments with polarizationentangled photon pairs. Using a partial polarizer, we could vary the degree of entanglement between the object and the probe. We could also vary the interferometer splitting ratio and thereby vary the a priori path predictability. This allowed us to test quantum erasure under a number of different experimental conditions. All experiments were in good agreement with theory.
Introduction
A fundamental difference between classical physics and quantum mechanics is that the latter, being a linear dynamical theory, allows superpositions. The superposition principle, in turn, leads to the concept of complementarity, the fact that any quantum system has at least two properties that cannot simultaneously be known with certainty. Complementarity has been discussed intensively since the early development of quantum mechanics [1, 2] . Recently, some new qualitative statements about complementarity have been proposed [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] , and subsequently the question has been raised whether there exist any relations between these new expressions and the Schrödinger-Robertson and the Arthurs-Kelly uncertainty principles [8, 9, 11, 13, 14] . In addition, the fundamental physical mechanism that enforces complementarity has been debated [14] [15] [16] [17] .
When deriving his uncertainty principle, Heisenberg erroneously attributed the uncertainty to the back-action on the measured object from the measurement apparatus. Later work has clarified that Heisenberg's uncertainty relation only makes a statement about the preparation of a quantum mechanical state. If one wants to qualitatively record the back-action on the state due to a measurement of some observableÂ, one also has to measure the conjugate observable toÂ on the "same" state. (Unless the state is an eigenstate ofÂ, the state will change as a result of theÂ-measurement. Therefore, we have put the word "same" within quotation marks.) This is often called a simultaneous measurement, i.e., on every member of an ensemble two incompatible measurements are made. Examining the uncertainty product of the two sia e-mail: alexei@ele.kth.se multaneous measurements, one arrives at quantitatively, or even qualitatively, different uncertainty principles from that of Heisenberg [13, [18] [19] [20] [21] [22] [23] . What is surprising is that the back-action, or at least the measured uncertainty due to the back-action, is not solely a property of the object and the object-probe interaction, but depends also on how the probe is measured and how the obtained information is used. Under certain circumstances, the apparent indeterminism of the object due to the measurement back-action can be undone by the action of a local operation on the probe. This procedure is called quantum erasure [24] and is a manifestation of the nonlocality of quantum mechanics. Various implementations of such experiments, and their connection to complementarity have been discussed in some recent papers [6, 12, 13, 25] . Several experiments have also been performed [26] [27] [28] [29] [30] [31] [32] [33] [34] . What distinguishes our experiment from the previous ones is that we have been able to vary both the degree of object and probe entanglement and, independently, the a priori path information. This leads to a more complex situation than previously reported.
In order to discuss quantum erasure in greater detail, we will start by making a few definitions. Quantum mechanics only makes predictions about states. It does not say anything about paths, modes or objects. All these words are classical concepts, but are nonetheless useful in discussions about quantum erasure. Usually quantum erasure is discussed in the context of an object passing through one of two slits in Young's double-slit experiment, or taking one of two paths in an interferometer. Strictly speaking, the two paths are described by two orthogonal modes. The object's possible paths are then defined by two state vectors |O + and |O − . In general, this description is insufficient to describe all possible outcomes of an Schwindt et al. [35] , where the paths were defined in terms of two spatial modes, and in each of the paths the object could be either in a vertically or horizontally polarized state (or in a superposition or mixture of the two polarization states). However, to describe our experiment, we only need a two-dimensional object Hilbert space H O , which was the case treated in references [11, 12] . Note that it is not necessary to take the concept of "path" literally when we consider complementarity. In our experiment, the two modes corresponding to the "paths" are actually two orthogonal linear polarization modes, or equivalently, two orthogonal polarization states in the same spatial mode.
The only a priori information we have about the path taken by the object is the corresponding probabilities w + and w − = 1−w + , which are given by the prepared state of the object. Adopting the maximum likelihood estimation strategy, we should, for each and every event, guess that the object took the most likely "path". The strategy will maximize the likelihood L of guessing the "path" correctly. The likelihood will be L = Max{w + , w − }, which means that 1/2 ≤ L ≤ 1. The likelihood can be renormalized to yield the statistical predictability P , defined as [10,11]
It is clear that 0 ≤ P ≤ 1, where P = 0 corresponds to a random guess of which "path" the object took, and P = 1 corresponds to absolute certainty about the "path". One can also compute the visibility when the two "path" probability amplitudes interfere. The visibility V 0 , too, is a statistical measure, which requires an ensemble of identically prepared systems to be estimated. Since we are dealing with single quanta, we can express the visibility in the probability for the object to exit one of the two interferometer ports
where p max (p min ) is the maximum (minimum) probability of detection of the object when the "paths" interfere. It has been shown [4] that P and V 0 for an object whose "path" is determined by one of two orthonormal states, satisfies the inequality
where the upper bound is saturated for any pure state. Note that if one wants to verify the inequality (3) experimentally, one needs two ensembles of identical states. On the first ensemble one makes a "path" measurement, and on the second one makes a visibility measurement. Hence, on any individual member of the ensemble, only one (sharp) measurement is performed.
Probing the "path"
In order to retrieve more information about the "path" of the object than what is given by the a priori "path" probabilities w + and w − , it is possible to use an ancillary probe system. This is achieved by an interaction between the object and probe, which entangles their degrees of freedom. In this way, we can simultaneously get "path" information (from the probe ancilla) and visibility information (from the object). In order for the probe to carry any information about the path taken by the object, the probe's state must be allowed to vary in a Hilbert space H M of at least a dimension two, as a result of the interaction. Hence, in the simplest case, the state of the total system after the interaction belongs to a 2 × 2-dimensional composite Hilbert space H O ⊗ H M . The first space describes the object, whose "path" and visibility we wish to measure, and the second describes the probe, that will help us to get information about the object's "path". We assume that the interaction between the object and probe leaves the probabilities w + and w − invariant. This is not the most general entangling interaction possible, but defines the subset of entangling interactions of the quantum nondemolition (QND) kind [12] . A few different experimental situations can be distinguished: 1. the state after the interaction can be factorized in the two Hilbert spaces H O and H M . Then both systems can be treated independently. The state of the probe carries no information about the object and vice versa. This is a trivial and not particularly interesting situation; 2. the state is a perfectly entangled state so that the probe contains full "path" information of the object. Thus, our ability to predict which "path" the object took is perfect, while the visibility is zero. To retrieve the original visibility, it is necessary to give up the "path" information. To this end, the probe must be measured in such a way that the information encoded in the state of the probe is not revealed by the measurement, i.e., the probe measurement must correspond to a complementary observable to the one that discloses the "path"; 3. the state is partially entangled. This is an intermediate case between the previous two. Only partial information about the "path" of the object can be extracted from the probe. That still leaves room for a non-zero visibility. This intermediate case is examined carefully in the present paper.
The most general scheme of the measuring procedure is shown in Figure 1 . The object can take one of two "paths" and the probe is used to determine which "path" the object took. Before the interaction (plane A), the object and the probe are independent, and the state is represented by a product of the corresponding density operatorŝ (3), so we will restrict ourselves to this case.
